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Abatraet-A numerical method is developed to solve the coupled boundary layer equations for turbulent 
flow of a gas with large property variations in a circular tube. Uniform and fully developed entering velocity 
profiles are treated. Axial variation of the heating rate is permitted and is used for comparison with ex- 
periments. 

Cases treated include: (1) constant fluid properties, laminar flow with variation of hydrodynamic 
entrance length; (2) variable, idealized air properties with uniform laminar entering velocity profile; (3) 
constant properties, fully developed turbulent flow in the immediate thermal entry region; (4) constant 
fluid properties, turbulent flow, with uniform entering velocity profile; (5) variable, idealized air properties 
and real gas properties, turbulent flow at heating rates to (qC/Gc,,, i7J = 002. 

Predictions for several turbulent transport models are compared to an experiment with a peak wall 
temperature ratio (7’JT) of about 12, and the model yielding the closest agreement in the thermal entry 

region, a version of van Driest’s mixing-length model, is used for further predictions. 

NOMENCLATURE h, convective heat transfer co- 

( ), fn( ), 
a, b, c, 4 

A fS3 

Aj,Bj, Cj, Djt 

function of; 
exponents for property varia- k, 

tion, equation (If) ; I, 
cross sectional area, 7rD2/4 ; L, 
coefficients in finite difference 
equations ; e 
speed of sound ; PY 
specific heat at constant pres- 49 
sure ; 
diameter ; cl:, 
enthalpy flow rate across speci- r, 
tied surface ; 
dimensional constant, e.g. 
32.17 ft-lbm/lbf-s2 ; T, 
average mass flux, h/A,, ; u, 
enthalpy ; H,, bulk enthalpy, U, 

JLl~ ; V, 
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efficient, qz/(T, - Tb) ; 
thermal conductivity ; 
mixing length ; 
length; Li, length of i-th con- 
trol volume ; 
mass flow rate ; 
pressure ; 
heat transfer rate across speci- 
tied surface ; 
heat flux from wall to gas ; 
radial coordinate ; ro, outer 
radius of control volume, ri, 
inner radius ; 
absolute temperature ; 
gas velocity in axial direction ; 
gas velocity in radial direction ; 
gas bulk velocity, Gfp, ; 
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x, 

Y? 

Greek symbols 

6, 
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axial coordinate ; xh, unheated 
length ; 
transverse coordinate, rW - r. 

approximate boundary layer 
thickness ; 
displacement thickness, 

rw{l - JCW(VCaC)l); 
eddy diffusivity ; E,, for mo- 
mentum, sh, for heat ; 
constant in turbulence models ; 
viscosity ; 
kinematic viscosity, p/p ; 
density ; 
weighing factor in finite differ- 
ence equations ; 
shear stress. 

Non-dimensional parameters and variables 

_L friction factor, zW/(G2/g,p,,) ; f,, 
z, based on velocity gradient 
at wall ; fapp, based on T,,_,,, 
equation (14) ; 

R, enthalpy, (H - Hi)/cp, ilT;- ; 

I+, mixing length, 1 ,/(q,,gc/p)/v ; 

M, Mach number, V/c ; 

NW Nusselt number, hD/k ; 

E pressure deficit, 

Pig&i - P)/G’ ; 
Pr, Prandtl number, p cp/k ; 

4+, wall heat flux parameter, 

qXGcp.iT); 
Q+? wall heat flux parameter used 

for laminar flow, qlr,/ki~ or 
q+ ReiPriJ2 ; 

f , radial distance, r/r, ; 

Re, Reynolds number, 4ti/(wDp) ; 
+ 

u 9 axial velocity, u J(g,z,/p) ; 

x+, axial distance, x/(r,RePr) ; x2, 
evaluated at inlet properties, 
Xf evaluated 
tiZ ; 

at local proper- 

Y+T transverse distance, 
Y J@,qJW ; Y:, constant in 
turbulence models, or laminar 
sublayer thickness ; 

YY transverse distance, y/r,,,. 

Subscripts 

app, apparent, equation (14) ; 

b, evaluated at bulk temperature, 

T(& P) ; 
G center line ; 

CP, evaluated from prediction 
based on constant property 
idealization ; 

DB, modified Dittus-Boelter ; 
DKM, Drew, Koo and McAdams ; 

eff, effective, equation (8) ; 
i, axial index ; inner ; evaluated 

at inlet properties ; 

j, radial index ; 

L evaluated at edge of “laminar 
sublayer” ; 

N, evaluated at node adjacent to 
wall ; 

I, in radial direction ; 
ref, reference value ; 

vQ van Driest ; 

W, evaluated at wall ; 

-% evaluated at local bulk proper- 
ties at x ; 

Y, evaluated at transverse posi- 
tion y ; 

=J, asymptotic value at large x. 
Unless otherwise defined, an overscore indi- 

cates the variable has been normalized through 
division by its inlet value, e.g. p = p/pi 

FOR THE first time, the problem of turbulent 
flow at the thermal entrance of circular tubes is 
solved for gases with large variations in trans- 
port properties by simultaneously solving the 
coupled energy, x-momentum and continuity 
equations. A numerical method is used. The 
present study (a) provides the means for 
studying various turbulence models that have 
been proposed, (b) develops a flexible program 
which should be useful in predicting wall 
temperatures and pressure drops for strongly 
heated, forced, internal flows, and (c) applies 
such predictions to problems of current interest. 
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Interest in the problem was stimulated by the 
severe heating conditions encountered in the 
coolant channels of solid-core nuclear rockets, 
and by the desire to study the rather unexpected 
experimental results of Perkins and Worsoe- 
Schmidt [l] and Taylor [2]. The approach 
developed is applicable to a broad class of low- 
speed, single-component convection problems, 
and its extension to high-speed compressible 
flows appears to be straightforward. 

PREVIOUS WORK 

The thermal entry region has been treated in 
the past rather completely under the specified 
conditions of constant fluid properties and of 
fully developed flow before heating is imposed 
[3-51. With these solutions, axial variation of 
the wall heat flux may be handled by super- 
position since the energy equation is linear. 
Only flow in the process of axial transition from 
laminar to turbulent has not been discussed. 

The problem of simultaneous development of 
temperature and velocity profiles for fluids with 
constant properties was first solved by Kays [6] 
for laminar flow by applying the hydrodynamic 
solution of Langhaar [7]. Comparable solutions 
of the partial differential governing equations 
for turbulent flow are unknown to the authors 
of this study ; the entering flow, including 
possible laminar and transition regions, defies 
simple description and, lacking a description of 
the flow field, the energy equation cannot be 
solved. 

The effect of property variation has been 
studied recently for laminar flow by finite 
difference methods [S-l 11. Turbulent flow with 
strong property variation has been treated less 
completely. Diessler [ 121 developed an approxi- 
mate method of solution by applying the 
integral energy equation, and Wolf [13] ex- 
tended it slightly. However, in the limiting case 
of constant fluid properties, these analyses 
disagree with both the analytical solution [4] 
and accepted data [14]. To study whether the 
discrepancies were inherent in the method of 
solution rather than in the assumed velocity 

profile, Magee [15, 161 solved the energy 
equation in finite difference form. Essentially, 
he assumed Deissler’s velocity profile and re- 
evaluated it at the local Reynolds number at 
each step. With properties almost constant at 
very low heating rates, Magee found good 
agreement. However, with the heating rate 
increased to give significant property variation, 
he found only slight improvement over Wolfs 
predictions. It is interesting to note that essenti- 
ally only one turbulence model has been applied 
to internal flow with property variation-the 
one developed by Deissler [17]-but that over 
20 have been studied for external compressible 
flow by Spalding and Chi alone [ 181. 

Although many investigators have utilized 
finite difference methods for laminar flow 
phenomena, the direct solution of the corres- 
ponding approximate partial differential equa- 
tions for turbulent flow has not been common. 
Recent developments in both digital computers 
and numerical methods now make this approach 
attractive, particularly when the flow can be 
adequately approximated by the boundary layer 
equations. 

Conventional finite-difference approaches, ex- 
plicit and implicit, were described quite well by 
Richtmyer [193 in 1957. He noted that implicit 
methods have usually been inherently stable 
and he presented an algorithm for the solution 
of the tridiagonal matrix which often results. 
Many numerical studies have applied Taylor’s 
series expansions to the partial differential 
equations in order to derive finite-difference 
approximations [S, 11, 201. With this method 
the truncation error can be reduced for a 
specified mesh size. However, Fromm [21] 
showed this method to be dangerous: one can 
set-up finite difference equations which fail to 
conserve energy (or some other conserved 
quantity). 

The work of Patankar and Spalding [22] 
inspired the present effort. They developed a 
rapid, flexible, approximate procedure which 
involved an implicit method, with the difference 
equations formed to ensure conservation plus 
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stability in the solution of the set of equations at 
each axial step. These characteristics are carried 
into the present study. Several of their other 
features (e.g. elimination of iteration, approxi- 
mate use of von Mises coordinates, and a 
Couette flow approximation at the wall) are not 
used in this investigation. 

FORMULATION OF PROBLEM AND METHOD 
OF SOLUTION 

Idealized problem 
In the present study we assume that the fluid 

enters a circular tube with a specified tempera- 
ture and velocity distribution. Heating of the 
fluid is initiated either at the entrance or at some 
point downstream and may vary arbitrarily 
with position. Body forces are neglected, and 
the Mach number is assumed to be small so that 
viscous dissipation and flow work terms may be 
omitted from the energy equation. No changes 
of phase or chemical composition occur within 
the tube. 

The flow is assumed to be steady but may be 
either laminar or turbulent throughout. If it is 
turbulent, the transport properties are assumed 
to be represented by a sum of the molecular 
exchange coefficient and an eddy exchange 
coefficient for the turbulent motion as suggested 
by Boussinesq [23]. 

With these assumptions and the usual bound- 
ary layer approximations for internal flow, the 
governing equations* and their initial and 
boundary conditions are : 
for continuity 

am) 
ax 

+ 
1 abw 
I al 

= 0, (14 

for x-momentum 

au au dp 
= P”& + P”a, + 63c~ 

(lb) 

* In equation (lb), 9. becomes unity when the S.I. unit 
system is observed but it is carried here for czmipleteness. 

for energy 

i a keff aH -4 1 aH aH 
rar C, 

-IT =PU~+PJ~ 

and integral continuity 

h = s,,, PU d&s 

with 

u(0, r) = nXr), $0, r) = nAr) 

P&k 4 = Pi(r), WO, 4 = Hi(r) 

and 

a(~, rJ = 0, v(x, r,) = 0 

$(X,0) = 0, v(x, 0) = 0 

(14 

(14 

(14 

z(x,O) = 0, bg(x,rJ = q:(x). (If) 
P 

The relations between the properties are un- 
specified in developing the numerical procedure 
so they may be selected to suit particular 
problems. Three sets of property relations were 
used for various aspects of the present in- 
vestigation : (1) constant properties, (2) power 
law approximations for low-pressure air proper- 
ties of the form 

w 

and (3) tabular properties for low-temperature 
gaseous nitrogen. The accuracy of the power 
law expressions depends on the temperature 
ranges over which they are applied. For example, 
b = @805 describes the variation of thermal 
conductivity for nitrogen [24] within 3 per cent 
from 360 to 18OO”R but only within 8 per cent 
from 180 to 2200”R. 



TURBULENT AND LAMINAR HEAT TRANSFER TO GASES 323 

Numerical strategy* 

In developing the present computer program 
conservation, simplicity, and stability are em- 
phasized. The approximating finite-difference 
equations are derived from basic principles by 
setting up finite control volumes, applying the 
appropriate balances, and using simple approxi- 
mations for the rate equations. 

j+’ 

FIG. 1. Energy flows through surface of typical interior 
control volume. 

Figure 1 demonstrates the relations between 
the control volumes and the mesh. The radial 
surfaces of each control volume are located 
halfway between adjacent mesh points. Radial 
locations of the nodes are adjusted so that mesh 
distances get successively smaller as the wall is 
approached ; these locations are then kept fixed 
throughout the problem. Axial step size is 
primarily varied as the boundary layer thick- 
nesses vary. 

The procedure used to obtain the finite 
difference equations is essentially a rederivation 
of equations (1) for the macroscopic control 
volume. A few highlights are shown for the 
development of the finite difference equation for 
conservation of energy in order to demonstrate 
the essentials of the method. 

* Details and a listing of the program are available in 

P51. 

The energy flows considered for interior 
nodes are shown in Fig. 1 (at the boundaries the 
same method is used but some terms disappear). 
Conservation of energy requires* 

ei+, + ~j+~ + qj+t - Bi - ~j-~ - qj_* = O' 

(2) 

Typical approximations of the rate equations 
for these flows are : 

Bi+l = Pf+l,j”l+l,j4(‘~+~ - rf-*) lIHi+l,jl 
(34 

kj+* = ~(P”)~+*‘j+*UHi, j+I + Hi, j 

Hf+l,j+, + W+,,j) (3b) 

X ((l - O)tHi,j+l - Hi,j) + a([Hi+I.j+Il 
- LHi+I,jl)>. (3c) 

In these rate equations the primed quantities 
represent predicted or estimated variables, the 
enthalpies in square brackets represent the 
unknowns, and the unmarked quantities repre- 
sent those which have been calculated pre- 
viously. The weighting factor, B, provides 
control over the centering of the finite-difference 
representation with respect to the mesh. 

The energy balance is formed with the rate 
equations such as equation (3), then the equation 
is non-dimensionalized and rearranged to the 
form 

Aj lIRi+l,j+l 1 + Bj [Bi+,,jl 
+ Aj_1 [Ri+l,j_1] + Dj = 0. (4) 

It may be seen that resulting equation (4) is 
linear. In a like manner, one may obtain the 
x-momentum equationt, 

Aj [fii+i,j+l 1 + Bj [&+l,jl + Aj-1 [&+l,j- 11 
+ cjPi+I +Dj=O (5) 

* Note that in equations (2H7) the subscript i denotes 
the index of the axial position in the finite difference mesh 
while in the remainder of the paper the subscript i refers to 
inlet conditions. Both notations are accepted standards and 
we hope their simultaneous use will not cause confusion. 

t The values of coefficients A, Bj in the momentum 
equation differ from their counterparts in the energy 
equation. 
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the continuity equation, 

litr,j-+ = @,j++ + (Pi+l,j”i+l,j 

- Pi. jiii, j) (Y:+t - 15__;) 

and integral continuity equation, 

(6) 

N+l 

5 = c pi+l,j [iii+l*j] (ff++ - Y;-+) = 1’ 
1 

(7) 

The governing equations are solved sequentially 
at each step and are iterated until the solutions 
converge. The energy equation is solved for 
R(r) by applying the recurrence relations (essen- 
tially Gaussian elimination) presented by Richt- 
myer [ 191. The x-momentum equation and the 
integral continuity equation are solved simul- 
taneously for ii(T) and j with the procedure 
described by Patankar and Spalding [22]. For 
the integral continuity equation, p(f) is calcu- 
lated from R(i;) found with the energy equation. 
Finally, the continuity equation is solved from 
the wall to the center to obtain ;i;,(?); the most 
recent values of p(T;) and ii(?) are used. Predicted 
values of the variables, necessary in the co- 
efficients, are revised at each iteration. Once 
converged, the results for step i + 1 are taken 
for the first set of predicted values as the analysis 
moves to the next step. 

Solution accuracy is obtained by successively 
relining the mesh to determine converged 
results for test cases. To conserve computer time, 
mesh parameters are chosen to give heat 
transfer and wall friction results within about 
1 per cent of converged values. This level of 
accuracy is deemed adequate for the compara- 
tive purposes of the present paper. Usually 
1 per cent accuracy V,XS achieved with meshes 
containing 30-40 transverse mesh points and 
axial spacing of 2-5 boundary layer thicknesses. 
Computation time for such problems was 
typically less than 1 min of CDC 6600 time. 

Turbulent model 
While predictions for laminar internal flow 

with variable properties can be made with 

reasonable confidence once an adequate numeri- 
cal method has been developed, there is not 
sufficient basic information for the comparable 
turbulent flows. Thus, the selection of a reason- 
able turbulent model must be one of the 
primary tasks of the present work. 

The turbulent model is introduced in the 
program as a component of k,rf and p,rr, 

As shown in equation (3~) these quantities are 
evaluated from the results of the preceding step 
with appropriate properties approximated on 
the radial control surface, i.e. at rj+ i, by inter- 
polation. Reynolds’ analogy, E, = E,,, is assumed. 

Models tested in the present investigation 
are listed in Table 1. With properties varying 
across the stream it is necessary to be specific 
in denoting the empirical form which is taken 
to be invariant in the model. For instance, if one 
chases a function (E/V) = fn(y+), his results will 
differ in dependence on the properties upon 
which y ’ is defined; y+ = y J(g,z,/p,)/v, is 
numerically less than y+ = y ,/[g,r(y)/p(y)]/v(y) 
when calculated at the same point in a heated 
gas flow. Thus, extensive subscribing is shown 
in Table 1 in order to denote explicitly the 
temperature at which the properties are to be 
calculated. The subscript “y” indicates the 
properties are evaluated at the temperature at y. 

In the computer program sj++/vj+;- is derived 
from the basic representation of Table 1 for 
substitution in equations (8) and (9). For example, 
with the Reichardt “wall” model cj+ *,v, is 
calculated from Table 1 then is multiplied by 
v,,,/vj++ to obtain E~++/v~+~. Likewise, approxi- 
mate piecewise integration is performed with 
the version entitled Kendall et al. “wall.” In 
another paper [26], additional models were 
compared to heat transfer results for the down- 
stream region of a strongly heated gas flow and 
it was concluded that the van Driest model 
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[27], with the exponential term evaluated at the 
wall properties 

Y Jhv&lPw) - 
26v, 

(10) 

provided the best agreement. This version is 
transformed to .sj++/vj++ y b relating the defini- 
tions of the mixing length and of the eddy 
diffusivity as 

E=pdu I I dy 
(11) 

The velocity profile at the previous step is used 
in calculating the derivative. 

Selection of turbulence model 
During the last decade numerous experiments 

with turbulent flow and variable properties have 
been conducted to provide design correlations. 
Since the analyses mentioned above did not 
include a solution of the momentum equation, 
some of these experiments [l, 16, 281 provide 
the only information we have on friction factors 
under such conditions. Sources for experimental 
data were published by Perkins and Worsoe- 
Schmidt [l] in 1965 and by Taylor [29] in 1968 ; 
the reader is referred to these listings for further 
detail. 

Data for an experiment with a strong heating 
rate are used as a test of the various suggested 
turbulence models under conditions of greatly 
varying properties across and along the tube. 
Run 140 from the studies of Perkins and 
Worsoe-Schmidt was chosen as one of the most 
severe experiments for which detailed data are 
available to the authors [ 11. The magnitude and 
peculiar shape of their wall-temperature distri- 
bution provides a basis for eliminating several 
turbulent diffusivity models from further con- 
sideration. In the numerical predictions, power 
law properties for air (a = @67, b = O-805, 
d = O-095) approximate the fluid property vari- 
ation. 

The comparison of the diffusivity models is 
striking. In Fig. 2, the wall temperatures pre- 

, 
Numerical predictions based on 
air 

I I 1 I, I , I 1, 
0 50 100 150 

x/D 

FIG. 2. Experimental data of Perkins and Worsoe-Schmidt 
[ 11. Comparison to numerical predictions based on turbu- 

lent models listed in Table 1. 

dieted by the various models are compared to 
the measured temperatures. Also shown is the 
wall-temperature prediction obtained by apply- 
ing a constant-properties correlation evaluated 
at the local properties, 

Nu = 0.021 Rez’sPrz’4 [l + (x/D)-‘.~] . 

(12) 

It is seen that the predictions which assume 
constant properties could lead to design of 
equipment in which overheating or failure might 
occur. 

Two of the diffusivity models are superior to 
the others. The versions entitled “van Driest- 
wall” and “Kendall without Clauser-wall” [32] 
are closest to both the magnitude and the shape 
of the measured temperature distribution. Both 
predict approximately the same maximum tem- 
perature. However, because the results based on 
the van Driest description, equation (lo), yield 
agreement with experimental data which is 
slightly better for the first 20 diameters and 
downstream, it is selected for prediction of 
additional results with property variation. In 
passing, it is noted that prediction with G = 0 
leads to a peak wall temperature about 20 
per cent lower than when B is included. Profile 
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Table 2. Comparison of Nusselt numbers for constant property, constant heatjlux calculations 

Laminar flow 
Turbulent flow 
(Re = 5 x 104) 

Nusselt number Nusselt number 
Eigenvalue 

solution Ref. [3, 391 
Numerical solution 

Series 
solution 

Eigenvalue Numerical 
soln. Ref. [4] solution 

x+ 1 20 40 
term term term 

Std. grid Converged Ref. [33] XlD 5 terms Std. grid 

0.001 15068 15.336 15.839 15.843 15.80 15.813 0.1 172% 225.0 
O-0015 13.525 13.611 13.810 13.82 13.80 - 0.15 1 IO.4 221.5 
O-002 12.423 12.460 12.540 12.55 12.55 12.538 0.2 168.2 210.9 
0.003 10.943 10.944 10.910 10.98 10.91 0.3 163.9 190.5 
O+lO4 9.980 9.980 9.986 9.994 9.98 0.4 160.3 178.3 
0.005 9.293 9.291 9.295 9.302 9.29 9.295 0.5 151.0 169.4 
0.006 8.112 8.113 8.118 8.118 - - 0.6 154.0 163.5 
0.008 8.020 8020 8.020 8.025 0.8 148.9 154.6 
0.010 1.494 - - 7.498 I.494 1.0 144.8 148.4 
M)15 6.656 - 6.660 - - 1.5 131.0 138.5 
0.020 6.148 6.154 6.149 2.0 131.5 132.5 
@030 5.541 - - 5.554 - 3.0 124.4 125.0 
0 +I40 5.198 5.206 - 4.0 119.8 12@3 
0.050 4.972 4.980 5.0 116.6 111.1 
0.060 4.816 - - 4.824 - 6.0 114.2 114.7 
0.080 4.624 4.629 8.0 110.8 111.3 
0.100 4.514 4.521 10.0 108.6 109.0 
0.150 4404 - 4408 15.0 105.4 105.1 
0.200 4.315 4.316 20.0 103.1 104.0 
0300 4.364 4.363 - - 

04CKl 4.364 - 4.363 
cc 4.364 4.363 - co 101.63 101.8 

behavior and prediction based on tabulated 
properties for nitrogen, instead of on power 
laws for air, will be discussed in later sections. 

LAMINAR-FLOW RESULTS 

The main purpose of the laminar-flow calcu- 
lations was to test the program in situations for 
which solutions were well known. However, new 
information was obtained for several cases and 
will be presented briefly. 

Constant properties 
Results are presented in Table 2 for a step 

change in wall heat flux after the velocity profile 
has become fully developed. In the downstream 
region agreement with the truncated eigenvalue 
solution of Siegel et al. [3] is encouraging, and 
additional confidence is gained by the com- 

parison to the series solution of Worsoe-Schmidt 
[33] which is exact in the vicinity of the origin. 
For uniform entering flow profiles, results were 
obtained which were in close agreement with 
the pressuredrop predictions of Langhaar [7] 
and with the heat-transfer predictions of Horn- 
beck [34]. 

Heat-transfer experiments are often con- 
ducted in apparatus where heating begins after 
a short hydrodynamic entry section. Since up to 
100 diameters may be necessary to establish a 
parabolic velocity profile, such experiments 
correspond to neither of the two common entry 
conditions in analysis: parabolic or uniform 
profiles. Accordingly, a number of calculations 
were conducted with various lengths for the un- 
heated entrance section. The transverse velocity 
was taken to be zero at the flow entry. Heat- 
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transfer results are compared to the present 
predictions for the parabolic entering profile in 
Fig. 3. In this figure x,, refers to the unheated 
length. As expected, the Nusselt numbers be- 
come higher as the unheated entry is reduced, 

\ Constant properties 

FIG. 3. Effect of insuffkient flow development length on 
laminar heat transfer. 

eventually approaching the results for a uniform 
entering velocity profile. Of particular interest 
to the experimentalist is the hydrodynamic 
entry necessary to obtain fairly close agreement 
with the predictions based on fully developed 
flow at the thermal entrance. With only one- 
tenth of a hydraulic entrance distance the heat- 
transfer predictions agree within 10 per cent for 
x+ > 0.001. 

Air properties, fully developed entering Jlow 

The present calculations are in close agree- 
ment with the variable properties, numerical 
analysis of Worsoe-Schmidt [8, 91. His correla- 
tion for heat transfer is found within 7 per cent 
of the present results for Gz, > 3 up to a heating 
rate of QT = 50* (Table 3). Further, his observa- 
tions of velocity maxima displaced from the 
tube axis are also confirmed. 

Regarding prediction of wall friction, Worsoe- 
Schmidt notes a possible discrepancy between 
his results and experimental data. His correla- 
tion is 

0”. Rex/W = KJT,)’ (13) 

* Our Qi+ corresponds to Worsoe-Schmidt’s qf. 

while recent data lead to an exponent greater 
than unity for the temperature ratio. In passing, 
he indicates a difference between his definition 
off and that employed in data reduction. 

Measured friction factors, such as those 
presented by Davenport and Leppert [35], are 
based on the “apparent wall shear stress” 
calculated from a one-dimensional force balance 
which includes the axial momentum change as 
follows 

2 

z 
w,aPP = -$& p+$ 

i I (14) 
c 

One-dimensional design predictions also employ 
equation (14) as a basis. On the other hand, 
analytical predictions determine r, from 
(&/a~), The two methods are numerically 
equivalent only when the axial momentum 
gradient is the same regardless whether calcu- 
lated from one-dimensional parameters or from 
the profiles; this situation occurs when &/ax is 
zero as in fully developed flow, but a heated gas 
develops continually. 

The friction factors defined from the two 
different evaluations of the wall shear stress are 

f,,, = zw9app and& = FJit$‘f) (15) 
G2/(2p,g,) b E 

respectively. Figure 4 presents the difference 
between the two at a high heating rate. It is seen 
that f,,, is greater than f,. While the maximum 
difference is only about 15 per cent at (T,/T,) z 2, 
the difference in the exponents on the tempera- 
ture ratio is about 0.25. Thus, it appears that 
the numerical results of Worsoe-Schmidt and 
Leppert [8] and the data of Davenport and 
Leppert are not actually in serious disagreement. 

Air properties, uniform entering profile 
In the process industries, most heating equip- 

ment lacks the unheated entrance which was 
included in the previous section. A uniform 
entering profile is a better idealization for such 
equipment than the parabolic profile. For this 
idealization, effects of gas-property variation 
are presented for one heating rate each by 
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Table 3. Parabolic entering velocity profile, power law air properties, 
Q; = 50 (constant) 

f,,, Rex f,. Rex Nu __- __ 
16 16 

O-001 O-00114 1.198 4.335 21.63 5.385 5.155 
00015 0~00180 1.296 4.388 18.48 5.325 5.273 
O-002 BOO253 1.393 4.351 1637 5.262 5.249 
O-003 ooo416 1.586 4.201 13.59 5.103 5.045 

0.004 000601 1.776 4.011 11.77 4.899 4.113 
0005 003808 1.965 3.821 10.48 4.705 4.509 
0006 0.0103 2.152 3642 9.493 4.524 4.263 
0.008 0.0154 2.521 3.328 8.098 4.170 3.838 

0.01 0.0212 2.885 3.067 7.150 3.867 3.495 
0.015 0.0385 3.711 2.569 5.754 3.271 2.892 
0.02 00596 4649 2.241 5.007 2.87 1 2.496 
0.03 0.111 6.351 1.825 4.301 2.302 2@00 

0.04 0.175 8.01 1.570 4.101 1905 1.686 
0.05 0.250 9.636 1407 4.115 1.619 1468 
0.06 0.334 11.24 1.305 4.168 1.426 1.324 
0.08 0.531 14.38 1.192 4.229 1.234 1.182 

FIG. 4. Comparison of experimentalist’s definition of 
friction factor, f.,, and usual definition in analysis, f,. 

Strong heating of laminar flow. 

Deissler and Presler [ll] and by Worsoe- 
Schmidt [36]. They show that the change in 
Nusselt number is slight, compared to results 
without property variation if both are evaluated 
at local conditions, but friction parameters may 
be tripled. 

More extensive results are presented for Qz 
from 0 to 30 in Table 4. In general, trends are 

the same as shown by Worsoe-Schmidt with 
fully developed initial flow, although the effect 
of high heating rates on friction parameters is 
somewhat obscured by the usual strong entry 
variation. Again the location of the peak 
temperature ratio, (T,/7&, moves closer to 
the entrance as the heating rate is increased. 
And use of x,’ provides a closer grouping of the 
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om1 
0.002 
0005 

0.01 
0.02 
0.05 

O-1 
0.2 
0,5 

O-001 
om2 
@005 

0.01 
0.02 
0.05 

0.1 
0.2 
0.5 

oml 
ow2 
O-005 

0.01 
0.02 
0.05 

0.1 
0.2 
0.5 

0.001 
om2 
0.005 

O-01 
0.02 
O-05 

0.1 
0.2 
0.5 

0.001 
0002 
0.005 

0.01 
002 
0.05 

0.001 
0.002 
ow5 

0.01 
0.02 
0.05 

0.1 
0.2 
0.5 

- 

- 
- 
- 

- 
- 
- 

0m1001 1001 
0*002003 1m2 
0*00502 1 1.006 

0~01009 I.012 
0*02034 1.024 
0.05211 1X)60 

0.1083 1.119 
0.2327 1.237 
0.6937 1.586 

0.~1~3 lm4 
0~002011 l-008 
om5071 1.020 

0.01028 1040 
0.02112 1.080 
0.05685 1.198 

0.1266 1.393 
03007 1.776 
1.061 2.885 

0@01006 
0.002023 
0-005141 

O+OlO% 
0.0222 1 
006328 

0.1504 
0.3856 
1.489 

lflO8 
1.016 
1.040 

I.080 
1.159 
1.393 

1.716 
2.521 
4.649 

0+MI1014 
0.002056 
oOos349 

0.11137 
0.0253 1 
0.08077 

1.020 
1WO 
1.100 

1.198 
1-393 
1.965 

Q+ = 0 (constant properties) 

24.18 
17.62 
11.83 

8.936 
6.928 
5.267 

4.617 
4-385 
4.363 

Q: = 0.3 

1.025 24.18 
l-034 17.63 
1.050 11.85 

1.066 8.950 
1.083 6935 
1.103 5.252 

1.107 4.585 
1,094 4.335 
1@60 4,323 

Q’ = 1 

l.OS2 2420 
1.112 17.65 
1.162 11.88 

1.208 8.973 
1.251 6933 
1.278 5,192 

1.244 4.497 
1.165 4.308 
1.069 4.306 

Q+ = 2 

1.163 24.23 
1,220 17.69 
1.313 11.92 

1,388 8.988 
1444 6903 
1.432 5091 

1.323 4.393 
1.175 4297 
1.058 4.300 

Q+ = 5 

1.395 2440 
1.521 17.87 
1.701 12.03 

2.160 8.896 
1.813 6756 
1.613 4.820 

0.1237 95.88 
0.1776 68.17 
0.2881 44.63 

04196 
0.6204 
I.079 

1.710 
2.859 
6.226 

33.37 
25-77 
19.58 

17.06 
16-12 
16.01 

0.1262 
O-1826 
0.3008 

04460 
0.6768 
1,243 

2.106 
3903 

10.77 

97.56 50.47 
69.81 39.56 
46.22 29.90 

34.91 25.09 
27.45 21.79 
21.40 19.11 

18.92 17.98 
17.80 17.40 
17.02 17.86 

0.1319 
0‘1941 
0.3300 

0.5062 
0.8055 
1.622 

3041 
6.464 

23.23 

101.54 51.43 
73.32 40.73 
49.60 31.54 

38.27 27.13 
30.72 24.18 
24.47 21.63 

21.41 20.03 
19.15 18.48 
17.13 17.00 

0.1399 
0.2 102 
0.3704 

0.5895 
0.9841 
2.161 

4.413 
1040 
44.62 

106.7 5277 
7sm 42.42 
53.77 33.81 

42.09 29-81 
34.19 27.05 
27.20 23.99 

22.88 21.29 
19.41 18.67 
16.87 16.85 

0.1604 
0.2535 
0.4830 

0.8246 
1.499 
3.792 

118.4 56.37 
88.81 47.20 
62.82 39.94 

49.91 36.37 
40.54 32.90 
30.42 26.96 

50.08 
39.05 
29.18 

24.18 
20.66 
17.70 

16.48 
16.05 
15.98 
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Table 4.+cont.) 

x,? + 
XX f.,, Rex f, Rex 

0.2122 2.885 
05955 4.649 
2.498 9.636 

0001028 l+MO 
om2112 1.080 
0.005685 1.198 

0.01266 1.393 
0.03007 1.776 
0.106 1 2.885 

02977 4.649 
0.8762 8.010 
3.808 17.45 

0.001083 1.119 
0.002327 1.237 
0+X)6937 1.586 

0.01723 2.152 
004612 3.244 
0.1858 6.351 

0.5571 11.24 
1.706 20.48 
7.616 46.33 

1.349 4.240 
1.147 4.258 
1.039 4.329 

Q+ = 10 

1.765 24.36 
1.973 17.90 
2.204 11.98 

2.250 8.794 
2.105 6.418 
1.655 4.510 

1.297 4.210 
1.108 4.313 
1.027 4.309 

Q+ = 30 

2.984 24.68 
3.265 18.03 
3.262 11.54 

2.889 7.967 
2.296 5.532 
1.515 4.141 

1.178 4.289 
1.060 4.285 191.9 
1.014 4.322 1482 

8.780 23.45 21.76 
23.80 18.70 18.06 

128.5 1668 16.50 

0.2000 136.6 
0.3275 102.2 
0.6610 71.75 

1.195 56.65 
2.332 4500 
6.618 31.39 

16.70 22.30 
50.07 18.04 

315.9 16.26 

0.3278 
0.5721 
1.280 

2.560 
5.649 

19.01 

53.79 

63.10 
55.16 
48.58 

43.90 
37.82 
27.87 

20.92 
17.65 

1639 

167.9 86.82 
120.6 79.70 
82.77 67.62 

63.68 54.83 
47.43 41.03 
28.52 25.56 

19.56 18.81 
16.82 1690 
1606 16.19 

Nusselt-number curves than x,? ; when evalu- 
ated at the same value of xi the maximum 
difference between Nusselt numbers for QT = 0 
and Q’ = 30 is only about 10 per cent. 

The effect of heating on friction parameters is 
demonstrated in Fig. 5. Heating increases both 
f.,, . Rex and f, * Re,. In contrast to the heat- 
transfer behavior, there appears to be no 
advantage to basing the abscissa, x+, on the 
local Peclet number; the curves would merely 
be spread further apart. When the constant- 
property result (Q’ = 0) is taken as a reference, 
it is seen that the local location of the maximum 
difference in f,,, * Rex moves closer to the 
entrance as the heating rate is increased. This 
observation leads to the suggestion that the 
behavior might be approximately correlated as 
a function of temperature ratio, as in the case 
with the parabolic entering profile. The sugges- 
tion may be examined with the aid of the insert 

in Fig. 5. For the ordinate, the product of 
apparent friction factor and local Reynolds 
number has been normalized by the product 
for constant properties, evaluated at the same 
value of x+. Arrows on the paths represent the 
direction of increasing axial position ; each 
curve starts at xt = 0401. It appears that some 
distance beyond the location of the peak 
temperature ratio the curves approximately 
approach an asymptotic behavior with a slope 
of the order of unity. At shorter distances the 
curves are comparable to one another in shape, 
but do not correspond to a simple function of 
the temperature ratio. However, for the lower 
heating rates or far downstream, the designer 
may find the approximation 
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FIG. 5. Effect of heating on apparent friction factor in the 
entrance of a tube. Simultaneous development of boundary 

layers. 

to be suhiciently accurate for his purposes. This 
relation predicts friction factors within + 10 per 
cent for the entire curve at Q’ = 2 and for 
downstream temperature ratios less than 1.8 at 
the higher heating rates. Equation (13) would be 
conservative in the sense that the pressure drop 
would be over-predicted if applied throughout 
the tube for the higher heating rates. 

TURBULENT-FLOW PREDUCTIONS 

Constant properties, fully developed enteringjlow 
Present results for the Graetz problem with 

turbulent flow and with constant wall heat flux 
are compared in Table 2 to the eigenvalue 
solution of Sparrow et al. [4]. Numerical values 
shown are based on the eddy diffusivity model 
specified by the latter authors. It is seen that the 
two solutions agree to within 0.5 per cent after 
x/D = 3. Below this value, the present solution 
is preferred to the five-term eigenvalue solution. 
With only five terms, the normalized Nusselt 
number, Nu/Nu,, approaches a value of the 
order of 2 as x is reduced to zero, instead of 
approaching infinity as it should. 

The Nusselt number variation in the im- 
mediate vicinity of x = 0 can be predicted by a 
Leveque type solution [33]. For a constant wall 
heat flux, the first order approximation (linear 
profile) leads to 

Nu = [,.,3, ($9’ - 5&‘. (17) 

It is expected that this relation will give a 
reasonable prediction for turbulent flow while 
the thermal boundary layer remains within the 
transverse range for which u+ x y+. Thus, it 
should describe the limiting behavior for the 
Nusselt number as x approaches zero. If the 
bulk temperature rise is neglected and Blasius 
and modified Dittus-Boelter correlations are 
used, it may be seen that dependence of the 
normalized Nusselt number on Reynolds num- 
ber is slight : 

Nu 
__ = 
Num 

lo.56 Re-0.2*8 pr-“‘067 (x/D)-*. 

(18) 



The present numerical predictions may be dependence on Reynolds number instead of 
shown to converge to the proper initial asymp- individual tabulations at separate Reynolds 
totic behavior in the range OGOl 2 x/D 2 0.01 numbers. 
after the first few axial steps. 

If the results are to be useful for problems Constant properties, uniform enteringflow 
involving axial variation of the wall heat flux Predictions of the flow field in the hydro- 
without rerunning the program for each case, a dynamic entry region were made using the eddy 
simple correlation must be developed. Un- diffusivity models of van Driest, of Kendall et 
fortunately, a convenient one was not found al., of Reichardt and of Sparrow et al. These 
which would approach asymptotes at both predictions were carried out at the conditions of 
large and small x and still represent the inter- the experiments of Barbin and Jones [37] who 
mediate results closely. Therefore, the require- took great care to see that their experiments 
ment on the asymptotic behavior was relaxed to were close to the idealizations of most theo- 
the specifications that Nu + co as x + 0 and retical analyses as possible. They found that the 
that the magnitude agreed with the numerical velocities, intensities of turbulence, and Rey- 
results to some “reasonably” small axial dis- nolds stresses were still changing at 43.5 
tance. For the van Driest mixing length model, diameters. However, the wall shear stress had 
the following correlation was obtained graphic- obtained its fully developed value within some 
ally for Reynolds numbers of 5 x 104, 1 x 105, 15 diameters. 
2 x lo5 and 5 x 105. Unlike the experiments, all the numerical 

Nil _ 1 + 2.20 &-0’144 (X/D)-0~807~e-0’o”‘6 
predictions demonstrated a fully-developed axial 

.Nu, velocity profile in less than 40 diameters. The 

x exp { - 1.42 Re-0’20 (x/D)} (19) 
profiles from the diffusivity models investigated 
closely resemble the data, except near the axis 

This relation conforms to the numerical results where the experimental results exhibit a wake 
within 2 per cent for x/D > 0.1. The Nusselt region similar to that observed in external 
number for fully developed flow may be approxi- boundary layers. The axial development of the 
mated as velocity profiles predicted with the van Driest 

Nu, = 0.0259 Re0’785 Pro.4 (20) mixing length is likewise in concert with the 
findings of Barbin and Jones. 

over the same range of Reynolds numbers. The development of wall shear stress is shown 
These fully-developed Nusselt numbers are in Fig. 6, and here the predictions based on the 
slightly higher than those predicted with the van Driest mixing length are in strikingly good 
diffusivity specified by Sparrow et al. [4]. One agreement with experiment. The entry length of 
might say that the diffusivity is effectively higher 12.5 diameters is essentially identical to that 
at the same Reynolds number. Consequently, found experimentally. By way of comparison, 
the thermal boundary layer spreads into the we find that the geometrical type of eddy 
core more rapidly and the normalized Nusselt diffusivity models yield shear stresses which 
number, Nu/Nu,, is 5-8 per cent less for 0.1 < develop more slowly than experiment, while the 
x/D < 10 (at Re = 105). Since Nu,,,~ is larger, Kendall model employing the Clauser assump- 
the resulting predictions of wall temperature tion develops shear stresses somewhat more 
would be close in this region. rapidly. A modification of the Reichardt model 

Main advantages of the present correlation in which the diffusivity was calculated using the 
are (1) a close tit to the theoretical results at boundary layer thickness (i.e. y/6 in place of 
shorter axial distances than with the available y/r,,,) is in better accord with experiments than 
five-term eigenvalue solution, and (2) continuous when y/r, is used. 

TURBULENT AND LAMINAR HEAT TRANSFER TO GASES 333 



334 C. A. BANKSTON and D. M. McELIGOT 

Constant property 
uniform entering proflle 
Re = 348 x IO5 

0.1 Retchordt,y:O-I 

- 

Kendall w/Clauser-*. 

Reichodt, 0-P’ 

FIG. 6. Comparison of calculated shear stress distributions 
in hydrodynamic entry and data of Barbin and Jones [37]. 

Constant property,/+ = 0.7 
uniform, entering velocity 

- van Driest mixing length 

FIG. 7. Comparison of heat transfer solutions for simul- 
taneous development of velocity and temperature profiles 
in turbulent entry flow. Present predictions compared to 
integral boundary layer method of Deissler [ 121 and data 

of Boelter et al. [38]. 

The constant-property heat-transfer results Driest and the Sparrow et al. diffusivity models. 
for simultaneous development of temperature The heat-transfer results are consistent with the 
and velocity profiles are shown in Fig. 7, with shear stress results described above, in that the 
entering Reynolds numbers of 50000, 100000 Nusselt numbers obtained with the geometrical 
and 500000. Predictions are shown for the van type of diffusivity tend to develop more slowly 
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than the mixing-length type. For comparison, 
the results of the Deissler integral analysis [ 121 
for Re = 100000 is shown and it agrees quite 
well with the van Driest calculation. A single 
set of experimental points from the experiments 
of Boelter et al. [38] is also shown. The experi- 
mental data were taken at a Reynolds number 
of 55 570 with a bellmouth and a single screen 
at the entrance. 

Air properties, fully developed enteringflow 
The treatment of turbulent flow with strong 

variation of fluid properties is one of the major 
goals of this work. This section presents the 
results of a series of calculations for entering 
Reynolds numbers from 5 x lo4 to 5 x lo5 and 
constant heating rates from 4+ = 0.001 to 0.02. 
The latter run led to a peak wall-to-bulk 
temperature ratio of about 16 and is therefore 
chosen for further emphasis. Power laws des- 
cribe the property variation. 
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at the same local bulk Reynolds number. For 
the constant-properties predictions, which are 
included for comparison, Nu,~,~ then is simply 
Nu,. At small axial distances the results for the 
same entering Reynolds number seem to con- 
verge. As with the constant-property results, 
discussed earlier, the normalized Nusselt num- 
ber increases as the entering Reynolds number 
is reduced. As x increases, the curves pass 
through minima and then increase as the 
temperature ratios decrease towards unity. The 
minima become lower as 4+ and Re are in- 
creased. As in the laminar results, the peak 
temperature ratio moves towards the entry as 
the heating rate is increased ; the minimum 
normalized Nusselt number likewise moves 
forward, but it lags the peak temperature ratio. 

Resulting wall-temperature distributions are 
shown in Fig. 9 for several heating rates. They 
increase as q + increases at a given Reynolds 
number, as expected. But the shapes vary. The 

_ 
Air constant qz 
van Driest mixing length 

FIG. 8. Heat transfer predictions with property variation 
included. Fully developed entering velocity profile. 

‘0 

Heat-transfer results are presented in Fig. 8 lowest heating rate shows a distribution typic- 
for several runs. The ordinate is the Nusselt ally described as increasing in the entry region 
number divided by Nu,~,,, the fully-developed towards an asymptote which is parallel to the 
Nusselt number which would be predicted by bulk temperature rise [39]. At q+ = O-003 a 
the constant-properties idealizations ifevaluated slight hump appears in the first 30 diameters, 
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Air. constant q: 

q+=O.Ol ( Re,=lx105 
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x/D 

1 

FIG. 9. Wall temperature predictions for turbulent flow with 
property variation. Fully developed entering velocity profile. 

but the distribution increases monotonically 
and, in general, is comparable to the curve for 
q+ = 0401. For the two higher heating rates 
shown, maximum wall temperatures appear in 
the thermal entrance. At the highest rate the 
peak is about 25 per cent higher than down- 
stream ; it should serve as a warning that down- 
stream instrumentation may not be adequate 
protection in high-power applications. 

Meaningful presentation of the velocity pro- 
files becomes more difIicult as the heating rate 
is increased. In Fig. lo(a) profiles for a moderate 
heating rate are compared at several axial 
stations with the profile in the unheated entrance 
region ; standard semilogarithmic ut - y: co- 
ordinates are used. The most obvious effect is a 
reduction in magnitudes which is caused by the 
increased wall viscosity used in the definition of 
these variables. In general, the shapes remain 
comparable to the entering profile, though 
T,/T, is greater than 2. It appears that the 
profiles depart from the u+ = y+ behavior of 
the viscous wall layer at slightly higher values of 
y,’ than for the adiabatic entering profile. And 
since yz is already foreshortened by the in- 
creased wall viscosity, it becomes apparent that 
heating causes the thickening of the viscous 
layer (in terms of the physical distance, y/r,). 

The thicker viscous layer implies less turbulent 
transport of energy, so local resistance to heat 
transfer is increased and the Nusselt number is 
decreased, as already noted. The heating condi- 
tion described is typical of experiments with air 
entering at room temperature and is somewhat 
more severe than current practice for gas-cooled 
nuclear reactors in central power stations. 

The velocity effects at the most extreme 
heating condition studied are not as clear. The 
standard presentation appears in Fig. 10(b). The 
temperature ratios up to 16 lead to a greater 
shrinking of the coordinates. The shapes are not 
comparable to the entering profile until well 
downstream where the temperature ratio is 
again modest; the use of integral boundary 
layer analyses with u+ - y+ similarity is there- 
fore not justified for strongly heated thermal 
entries. For the first three heated profiles shown, 
the divergence from uf = y+ seems to begin at 
smaller values of y,’ than for adiabatic flow. 
Therefore, specification of constant y: or u,? as 
a criterion for viscous sublayer thickness appears 
meaningless for these highly heated conditions. 
From the standard plot one cannot determine 
whether the viscous layer has thickned or not. 
An indicator which retains significance would 
be the locus of a specified level of the turbulence 
Reynolds number, or nondimensional eddy 
diffusivity, E/V. Small values correspond to pre- 
dominantly viscous behavior while turbulent 
fluctuations are more important when (E/V) % 1. 
The first locus where the effects are approxi- 
mately equally important (i.e. E = v) is plotted 
in Fig. 11 for the results shown in Fig. IO(b). 
Also, the comparable curves that would exist 
for an adiabatic profile at the same Rr, is 
indicated by a dashed line. In this figure, a 
thickening of the viscous layer by over 20 times 
is evident. It appears near the axial location of 
the peak in the temperature ratio (x/D N 3). The 
usual consequences follow : The Nusselt number 
is reduced severely and wall temperatures soar. 

The results for strong heating show that 
maximum velocity occurs near the wall in some 
axial regions. The same effect was noted in the 
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laminar-flow results of the present study and of 
Worsoe-Schmidt and Leppert [S]. In Fig. 10(b), 
the origins of the maximum may be seen 
developing as early as 0.8 diameters ; by x,/D = 
26 it is well developed and a minimum occurs 
closer to the center line. As the flow proceeds 
downstream the minimum velocity gradually 
moves to the center line, followed by the 
maximum (Fig. 11). These locations where the 
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bulk temperature rather than of freestream 
temperature, ie. center line. Also, when the 
steep gradient is well established, it is far enough 
from the wall to have no strong effect on wall 
behavior. It is of passing interest that others 
have mentioned separate “core flow” behavior 
in comparable flows with strongly varying 
properties [40], but an improved turbulent-flow 
model is probably needed for such regions 
rather than the present one. 

As noted elsewhere [26], the importance of 
the pressure drop due to friction diminishes as 
the heating rate is increased and the pressure 
drop caused by heating dominates. At low q$+, 
heating reduces f,,, only slightly. Accordingly, 
the behavior of the friction factor will be treated 
only briefly. 

FIG. 11. Axial variation of profile parameters for heated. 
turbulent flow of air with strong property variation. 

velocity gradient becomes zero expose an 
artificiality of the turbulence model and lead to 
an anomaly in the temperature profile. With 
mixing-length models, the total diffusivity re- 

Earlier, the utility of the apparent friction 
factor was emphasized. For the downstream 
region it is affected slightly less by heating than 
f, [26]. In the thermal entry region&, increases 
as the heating rate is increased and as x/D is 
reduced. Consequently, f,,, varies considerably 
more than f, in the first 20-40 diameters, as 
shown in Fig. 12. The trends in fapp correspond 
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duces to the molecular diffusivity when (&/dy) . .-.--.--.-----._. 

= 0; the effective resistance to heat transfer “I,’ ’ 
I 

-------p 
therefore increases locally and the temperature 
gradient steepens in the vicinity. Thus, from 
about 2 to 10 diameters, the calculation for 
q+ = O-02, indicates two transverse locations 
where E passes through zero (and E = v five 
times), but the temperature gradient is strongly 
affected only once because the second location 
is, for the most part, beyond the thermal- 
boundary layer. The effect is not as serious as it 
would be for external Bow since the heat- 
transfer coefficient is here defined in terms of 

FIG. 12 Wall friction predictions for turbulent flow with 
property variation. Fully developed entering velocity profile. 
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to those reported in experiments by McEligot 
et al. [41]. At the lower heating rates, f.,, is 
always greater than f,. However, when the 
velocity profile becomes severely distorted, as 
itdoesatq+ = 0.01, fapp falls below f, and then 
rises above the downstream value as the profile 
readjusts. This reduction below f, appears to 
become greater as the heating conditions be- 
come more severe: at LI+ = O-01 and Rei = 5 
x 105, the minimum in f,,, is about fs/3, while 
for the one run at q+ = 0.02, f,,, actually 
becomes negative. Except for these severe 
conditions, it appears that the downstream 
correlation for f,,, may be used in design 
without significant error unless the channel 
length becomes of the order of 10 diameters. 

COMPARISON OF PREDICTIONS WITH 
TURBULENT-FLOW EXPERIMENTS AT 

HIGH HEATING RATES 

The end goal of analysis is prediction. For 
design problems such as the coolant channels of 
nuclear reactors, the wall heat flux is known and 
one wishes to predict surface temperatures and 
pressure drop. In this section the results of the 
numerical calculations are compared to data 
from gas-flow experiments in which the property 
variation is substantial. Correct prediction of 
actual temperatures and pressures is taken as 
the ultimate test of the method. 

The calculations in the previous section 
treated the idealized problem of constant wall 
heat flux with power-law representations of air 
properties. For present comparisons the condi- 
tions of the experiments are duplicated as well 
as seemed practicable. The wall heat flux 
distributions presented in the data are fitted by 
spline functions. Nitrogen properties derived 
from NBS-129A and NBS-564 [42, 243 are 
used,* excepting the compressibility factor in 
the equation of state which is neglected. For one 
experiment, which used entering air at room 
temperature, the power-law properties are re- 
tained. 

* However, in NBS-129A it is “ . . , estimated that in ._ . . . . _ . 
general the tables are accurate wthln 5 per cent, . .” 

Unfortunately, most gas experiments with 
spectacular property variation have been con- 
ducted at relatively low pressure. For example, 
Taylor lists exit pressures that are only about 
one-third the entering pressure [2]. Thus, a 
basic assumption of the analysis is not met in 
these experiments ; Ap/p is usually not small 
enough. Compressibility effects may be ex- 
pected to become significant above a Mach 
number about 0.2, but the terms neglected in 
the governing equations probably do not be- 
come important until A4 5 0.4. The main 
difficulty with the analysis is the density, which is 
no longer primarily a function of temperature. 
Accordingly, the density is computed as a 
function of both temperature and pressure in 
most calculations at the experimental condi- 
tions, but otherwise the governing equations 
remain unchanged. 
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FIG. 13. Wall temperature predictions compared to gas flow 
experiments with strong heating rates. Runs 106, 109 and 
140 from Perkins and Worsoe-Schmidt [ 11 and run 72 from 

McEligot et al. [41]. 

Wall temperatures and axial pressure drop 
are shown compared to several experiments of 
Perkins and Worsoe-Schmidt [l] and one by 
McEligot et al. [41] in Figs. 13 and 14. All 
included unheated flow development sections 
and had approximately constant wall heat flux. 
The solid lines in the two figures represent 
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15 

x/D 
FIG. 14. Pressure drop predictions compared to measure- 

ments from gas flow experiments with strong heating. 

calculations with p = p(T) while those with 
“center line” markings were performed with 
p = p(p, T). Run 140, used earlier in selecting 
the turbulence model, is repeated with real 
nitrogen properties. Shown for comparison, as 
dashed lines, are the predictions of the earlier 
section. Revision from power-law air properties 
to real nitrogen properties yields moderate 
improvement. On the other hand, there is no 
major change in wall temperatures when the 
pressure-dependence in the density is neglected. 

The wall-temperature predictions show the 
same trends as the data : the maximum tempera- 
ture moves towards the entry as q+ increases 
and the peak becomes more abrupt. Con- 
sistently, the wall temperature is overpredicted 
in the entry and underpredicted downstream. 
One explanation for such a consistent dis- 
crepancy lies in the basic use of the turbulence 
model: The model was originally developed 
from adiabatic, fully developed flow measure- 
ments, hence, the effect in the present treatment 
is that it is employed on a one-dimensional basis, 
i.e. only transverse variation is considered in 
evaluating the mixing length. Physically, we ex- 
pect some finite distance to be necessary for the 
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FIG. 15. Comparison between numerical predictions and 
data of Petukhov et al. [43]. Tabulated nitrogen properties 

[24,42]. 

upstream turbulence to decay when the viscosity 
is increasing locally. Thus, in the thermal entry 
region the analysis predicts the transverse 
transport to be reduced more rapidly axially, 
and consequently the predicted wall tempera- 
ture is higher at a given location.* Further 
downstream, the temperatures become relatively 
more uniform across the stream, and the 
velocity profile, predicted with the onedimen- 
sional turbulent model, therefore approaches its 
adiabatic form before the turbulence can re- 
develop from its more damped state. The 
predicted transport is higher, and wall tempera- 
tures consequently are lower than in the 
laboratory. 

* It is recognized that a number of experimental prob- 
lems could also lead to higher “measured” Nusselt numbers 
in the thermal entry. 
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The pressure-drop comparisons are shown in 
terms of the pressure deficit in Fig. 14. Agree- 
ment with run 72 by McEligot et al. is good. 
The requirement for high pressure was met in 
this test, and the difference between predictions 
with and without pressure dependence in the 
equation of state is therefore slight. However, 
for run 140, with a Mach number of 046 at the 
last pressure tap, the difference in predictions is 
about 50 per cent at the end of the tube. With 
the simple modification to the density calcula- 
tion, agreement with the pressure-drop data of 
Perkins and Worsoe-Schmidt is fair. In general, 
the discrepancy seems to be systematic at an 
approximately constant percentage. Whether 
the difliculty lies in the simplified analysis- 
treating only one aspect of the compressibility 
effects--or in the measurements is unresolved. 
In calculating jj from the data, the tube diameter 
enters to the fourth power and the mass flow 
rate is squared. A 23 per cent error in diameter 
(~OTl03 in) would account for the discrepancy, 
but a measurement error of this size is unlikely 
unless there was a change in the surface during 
operation. 

The last figure shows comparison to three 
interesting experiments by Petukhov et al. [43]. 
Since the parameters of the experiments were 
determined from minuscule graphs, the un- 
certainties in describing experimental conditions 
are possibly somewhat greater than for the other 
data presented. The first experiment compares 
to run 72 ; it has an unheated entrance of forty 
diameters and approximately constant wall heat 
flux. The other two utilized an abrupt entrance, 
one with constant wall heat flux and the other 
with strongly increasing wall heat flux. Again, 
the numerical results predict the trends well ; 
agreement (assuming a uniform entering profile) 
is comparable to that obtained for cases where 
the experiments and predictions both included 
flow-development sections. And again, wall 
temperatures are overpredicted for the entry 
and underpredicted downstream, even for the 
increasing heat flux represented in the third 
subfigure. 

Overall, agreement with heat-transfer data 
for extreme heating is favorable. 

SUMMARY 

A flexible numerical method has been de- 
veloped for the solution of coupled equations 
governing the flow of gases with strongly 
varying properties through tubes with specified 
wall heating rates. The method is particularly 
suited for evaluating hypothesized turbulent- 
diffusivity models under the stated conditions. 
In contrast to previous approaches which 
utilize a specified velocity profile, it is now 
possible to predict the effects of heating on 
friction parameters in the thermal entry region 
by simultaneously solving the momentum and 
continuity equations along with the energy 
equation. 

Predictions for several proposed turbulent 
transport models were compared to experi- 
mental measurements of surface temperatures 
at a high heating rate and to data for turbulent 
flow in the entrance section of a tube. The van 
Driest mixing-length approach, with wall pro- 
perties in the exponential term, was found to be 
operationally the best of the models studied. 

Predicted wall temperatures and pressure 
drops for idealized power-law properties and 
for real properties showed the trends observed 
in experiments at strong heating rates. In 
particular, a local maximum in the wall tempera- 
ture occurs for heating rates above 4: = 0905 ; 
it approaches the origin and becomes more 
abrupt as the heating rate is increased. When 
based on the version of the van Driest mixing- 
length model, agreement with the magnitudes of 
experimental measurements is generally favor- 
able, but not excellent. The need for additional 
development of turbulence models for applica- 
tion to such strongly heated gas flows is evident. 
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TRANSPORT DE CHALEUR LAMINAIRE ET TURBULENT DANS DES GAZ A 
PROPRIETES VARIABLES DANS LA REGION D’ENTREE DE CONDUITES CIRCULAIRES 

RkunC-On expose une methode numerique pour resoudre les equations couplees de la couche hmite pour 
I’tcoulement turbulent dans un tube circulaire d’un gaz avec de grandes variations de ses proprittbs. 
Des protils de vitesse uniformes et entierement Ctabhs a I’entr& sont pris en consideration. La variation 
axiale de la vitesse d’echauffement est permise et employ&s pour la comparaison avec les experiences. 

Les cas trait&s sont : 
1”) l’tcoulement laminaire avec proprietb constantes du fluide et une variation de la longueur d’entr&e 
hydrodynamique ; 
2”) un prohl de vitesse laminaire uniforme a fentree avec de l’air a propritttes variable id&ah&es; 
3”) l’tcoulement turbulent entierement Ctabh avec proprietes constantes au debut de la region d’entrte 
thermique; 
4”) l’tcoulement turbulent aver propriettb constantes du fluide et un prom de vitesse d’entree uniforme ; 
5’) I’tcoulement turbulent avec des proprittb variables, id&ah&s de fair et de gaz reel, a des vitesses de 
chauffage (&Gc,.~T) = 0,02. 

Les previsions pour plusieurs mod&s de transport turbulent sont comparees a une experience avec un 
maximum du rapport de temperature pa&tale (T&TJ d’environ 12, et le modele fournissant I’accord le 
plus Ctroit dans la region d’entree thermique, version du modMe de longueur de melange de Van Driest, 

est employt pour des previsions ulttrieures. 

TURBULENTER UND LAMINARER WiiRMEfhERGANG AN GASE MIT VERANDERLICHEN 
STOFFWERTEN IM EINLAUFBEREICH KREISFGRMIGER KANALE. 

Zusammenfassung-Es wird eine numerische Methode entwickelt, um die gekoppelten Grenzschicht- 
gleichungen fur turbulente Stromung eines Gases mit stark veranderlichen Stoffeigenschaften in einem 
Kreisrohr zu l&en. Gleichfljrmige und voll ausgebildete Eintrittsgeschwindigkeitsprofile werden zugelassen 
und zmn Vergleich mit Experimenten herangezogen. 

Die behandehen Falle schliessen ein (1) konstante Stoffeigenschaften, laminare Stromung mit Variation 
der hydrodynamischen Einlauflange; (2) verlnderhche idealisierte Stoffeigenschaften fiir Luft mit gleich- 
mlssig laminarem Eintrittsgeschwindigkeitsprofil; (3) konstante Stoffeigenschaften, voll ausgebildete 
turbulente Striimung im unmittelbaren thermischen Einlaufgebiet; (4) konstante Stoffeigenschaften, 
turbulente Striimung mit gleichfiirmigem Eintrittsgeschwindigkeitsprofil; (5) veranderliche idealisierte 
und reaie Stoffeigenschaften fur Luft, turbulente Striimung bei Wiirmestromen bis q;/Gc,, iT = 0,02. 

Berechnungen fur mehrere turbulente Transportmodelle werden mit einem Experiment mit einem 
Gr&sttemperaturverhlltnis (bezogen auf die Wand) T,/T von ungefahr 12 verglichen und das Model], 
das die beste Ubereinstimmung im thermischen Einiaufgebiet liefert-ine Version von van Driest’s 

Mischungsweg-Modell-wird fur weitere Rechnungen benutzt. 
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TYPBYJIEHTHbIti M JIAMMHAPHbIm IIEPEHOC TEIIJIA H I’A3AM C 
HEPEMEHHbIMki CBOmCTBAMB BO BXOQHOM Y’IACTKE IcPYI’JIOm 

TPYBhI 

AaHoTaqm?-PaspaGoTaH WICJleHHbIfi MeTOA peIUeHElR B3aHMHOCBH3aHHblX ypaBHeHHti 

Typ6y~eHTHOrO~OrpaH~~HOrOC~O~ra33~pR3Ha~~Te~bHbIXH3MeHeHll~CBOtCTBB HpyNIOll 

Tpy6e. PaCCMaTpHBaIOTCH OAHOpOAHbIe &I IIOJIHOCTbH) pa3BHTbIe IIpO$WIH CKOpOCTM BO 

BXOAHOti o6nacm. YWTbJBaIOTCH IIepeMeHHOCTb CKOpOCTEl BAOJIb OCI4 Tpy6hI II IIpEZBO~Eil'CR 
COIIOCTaBJIeHHe C 3KClIepHMeHTOM. 

PaCCMOTpeHHbIe CJlyqaH BKJIIO'IaIOT: (1) IIOCTOFiHHbIe CBOtCTBa HCHAK~CTM, nan&iapHoe 
TeYeHIle llpll EI3MeHeHEIH AJIHHbJ lWApO~HHaMH'ieCKOr0 BXOAHOI'O ysaCTKa; (2) FtepeMeHHbZe 

HAeaJlH3IlpOBaHHbIe CBOltCTBa BOBAyXa IlpH OAHOpOAHOM IlpO~Wle CKOpOCTU B JlaMHHapHOt 

BXOAHO& o6nacra; (3) IIOCTOFIHHbIe CBOtCTBa, IIOJIHOCTbIO pa3BHTOe Typ6yJIeHTHOe TeqeHHe 

Ha y=IaCTKe TelUfOBOti cTa6mniaa~tiH,; (4) IIoCTORHHbIe CBOtCTBa ?KHAKOCTII, Typ6yJIeHTHOe 

TeqeHife, np~ OAHO~OAHOM npO@ne CKOPOCTH BO BXOAHO~ o6nacni; (5) nepeMeHHbIe, 

liAeaJIH3HpOBaHHbIe CBOtiCTBa BO3AyXa EI CBOtCTBa peaJIbHOI'0 ra38, Typ6yJIeHTHbIk IIOTOK 

IIpH CKOpOCTHX IIOTOKa A0 (q”w/GC,,J~) = 0.02. 
PaCqeTbI HeCKOJIbKHX Typ6yJIeHTHbIX MOAeJIeZt IIepeHOCa CpaBHHBaiOTCH C 3KCIIepHMeHTOM 

IIpM OTHOIIIeHElIl MaKCHManbHOi% TeMIIepaTypbI CTeHKIl TWITi = 12. MoAenb yKa3bIBaeT Ha 

XOpOIUee COOTBeTCTBHe B TepMHYeCKOi BXOAHOti o6nacTH. B AaJIbHePLUMX paWeTaX IICIIOJIb- 

3yeTCRBapHaHT MOAeJlH BaH flpUCTa)JJIH IIyTH IIepeMeIUIfBaHMH. 


